A resolution of ambiguities that arise in relating the chiral angle to the vacuum charge is presented; their relationship is studied and clarified. A recently developed formulation is applied to a simple one-dimensional example with fractional charge. This example provides a setting in which the breakdown of the adiabatic approximation and the winding of the chiral angle by multiples of 27r can be studied. We find that the above situations do not a priori imply a change in the vacuum charge nor any ambiguity in its definition.
Introduction
The physics of fractional quantum numbers of the vacuum in theories with fermions that interact with topologically non-trivial background fields (b.f.) is by now well established and well studied. The remarkable work by Goldstone and Wilczek' indicated that the vacuum charge (density) can be a transcendental function of the b.f. This work was based on the seminal paper by Jackiw and Rebbi2 who discovered the phenomena of fractional charge in the charge conjugate case. These papers sparked great interest in the subject and many authors have reproduced their results using a variety of techniques. [3] [4] [5] [6] [7] [8] Using the adiabatic method, which is an expansion in the ratio of the derivative of the chiral angle to the position dependent mass, the vacuum charge in one spatial dimension was found in Ref. Charge, Spectrum and Spectral Flow:
In Ref. 5 it was shown that the ground state charge is a property of the fermionic spectrum that is given by Q=+ (1.2) where the spectral asymmetry q is the asymmetry between the number of positive and negative states of the spectrum which consists in general of both bound state and continuum parts.
Also in this reference, it was shown that the quantity r) can be written in the (1.4
(Note that Qv lies between -f and +i.)
Since the charge is only a property of the counting of states in the spectrum, it will be modified only when states cross zero. The reader might expect that when the (position dependent) mass becomes zero in a finite region in space or when A8 winds by 27r , such level crossing may be induced. However we shall see that this is not the case in general. Indeed, if the mass (hereafter denoted by p(s)) vanishes or if A8 changes by 2~ in a distance d, the spectrum will not be significantly changed unless d becomes sufficiently large, typically of the order of the inverse of the local mass (in our later example no).
In this paper we will study a simple example of a problem in one spatial dimension that will (hopefully) illuminate the physics that is occurring by showing that the ambiguities due to the vanishing of p(z) or to the branches of A8 do not affect the ground state charge, which is always well defined. In a sense, we will try to choose the most ambiguous example possible that is at the same time mathematically simple.
General Formulation:
Following the spirit and discussion of Ref.5 , we introduce the fundamental determinantal ratio B(E) = det s .
[ 1 (1.5) From this ratio, which is a direct comparison of the positive and negative spectrum, auxiliary quantities follow directly: (2.9)
Therefore the charge must lie in the range between minus one-half and plus onehalf. The charge conjugate limit (K + Of, Q = f $) is reached from IQ I < i in both cases. These features are the direct consequence of the fact that for constant K. there can be no spectral flow. Indeed, the above analysis of branches indicates that to obtain IAeI 2 27r, K(Z) must change sign.
Ambiguities and the Ezample:
In order to understand the physics in the case when there are ambiguities in the definition (or branches) of A@, we propose to study the following simple problem:
with n > 0 , and C$ > 0.
We are interested in studying the behavior of the spectrum of H as rcg is allowed to approach and cross zero, and to evaluate the ground state charge using Eqns. Following carefully the branches of the function e(x) = tan-' (~(x)/q%(x)) the reader can be convinced that these different limits yield results for A8/2 and (71 -t72) that differ by fir (qr -qz is either zero or 3~). Therefore these ambiguities can yield an overall minus sign in front of l/T(E). The only remaining ambiguity that can arise when K,-, = 0 is the overall sign of C and S (see below) which depends on the sign of the limit. Since pz is zero at this point, this is again an overall sign ambiguity for the transmission coefficient.
Hence the ratio B(E) = T(E)/T(-E) is unambiguous. Furthermore, since the properties of interest in the spectrum only depend on the difference of phases, the ambiguity (being a constant phase) does not influence the spectrum. These ambiguities have no physical relevance for the charge.
For the purpose of calculation we compute the angles taking 4(x) = 0 for -d + 1~1 < x < d -1~1 (h owever the answer will not depend on this definition as was discussed above). Then we find
The expression for l/T(E), Eq. (2.14), has very interesting features. In the infinite energy limit any dependence on the value of d disappears and .7) and (2.14).
The bound state energies Eb are obtained from the equation l/T(&,) = 0.
From the expression for l/T(E) we can also read off the threshold phase shifts.
The phase of B(E) in the infinite energy limit is given by (2.19) . Here VSF directly measures the spectral flow; this quantity jumps by f2 whenever a bound state crosses zero, and depends on the local details of the b.f. On the other hand, the quantity w is a topological invariant.
Discussions and Conclusions
In conclusion, the winding of the chiral angle by 27r does not necessarily mean This fractional part of the vacuum charge is a high energy property of the theory and hence does not depend upon the mass p(z).
On the other hand, the integer part of Q is provided by spectral flow, which is a consequence of local properties (in our example it depends on d and KO), and is not directly related to the winding of A@. We also note that the breakdown of the adiabatic expansion caused by the vanishing of the local mass does not signal the appearance of spectral flow. It is therefore not surprising that the final result obtained from this expansion gives the fractional part of the charge correctly but not the integer part.
We hope that this analysis and discussion illuminates the physics of fractional charge in one spatial dimension and clarifies its relation to the chiral angle and its winding. We have learned that ambiguities that arise from the branches of AfI and those that arise when the local mass term changes sign or is zero over a finite region, do not introduce ambiguities in the vacuum charge.
